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Abstract
The concept of super-wavelet was introduced by Balan, and Han and Larson over the
field of real numbers which has many applications not only in engineering branches but
also in different areas of mathematics. To develop this notion on local fields having posi-
tive characteristic we obtain characterizations of super-wavelets of finite length as well as
Parseval frame multiwavelet sets of finite order in this setup. Using the group theoretical
approach based on coset representatives, further we establish Shannon type multiwavelet
in this perspective while providing examples of Parseval frame (multi)wavelets and (Par-
seval frame) super-wavelets. In addition, we obtain necessary conditions for decomposable
and extendable Parseval frame wavelets associated to Parseval frame super-wavelets.
1 Introduction
Having applications in signal processing, data compression and image analysis, super-wavelets
solve the problems of multiplexing in networking, which consists of sending multiple signals or
streams of information on a carrier at the same time in the form of a single, complex signal
and then recovering the separate signals at the receiving end. The concept of super-wavelets
was introduced by Balan in [5], Han and Larson in [20] as follows: A super-wavelet of length n
is an n-tuple (f1, f2, ..., fn) in the direct sum Hilbert space
⊕
n
L2(R), such that the coordinated
dilates of all its coordinated translates form an orthonormal basis for
⊕
n
L2(R). Here, every fi
is known as a component of the super-wavelet.
Our main goal is to develop the theory of super-wavelets in the setting of local fields having
positive characteristic while for the local field, Jiang, Li and Jin in [22] introduced the concepts
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of multiresolution analysis (MRA) in which the ring of integers plays an important role. By the
local field, we mean a finite characteristic field which is locally compact, non-discrete, and totally
disconnected. Actually, such fields (for example: Cantor dyadic group, Vilenkin p-groups) have
a formal power series over a finite fields GF (pc). If c = 1, it is a p-series field while for c 6= 1,
it is an algebraic extension of degree c of a p-series field. As an application point of view, such
fields are very much useful in computer science, cryptographic protocols, etc.
The notion of orthonormal multiwavelets, multiwavelet sets, Parseval frame multiwavelets
and Parseval frame multiwavelet sets have been extensively studied by many authors for one
dimensional as well as higher dimensional Euclidean spaces [11, 13, 16], and further, these are
developed in different perspectives, namely, locally compact abelian groups, local fields, p-adic
fields Qp, Vilenkin p-groups, etc. [2–4, 6–9, 18, 21, 25–28] by a large number of researchers.
Dahlke introduced the concept of wavelets in locally compact abelian groups [12] while it
was generalized to abstract Hilbert spaces by Han, Larson, Papadakis and Stavropoulos [21].
Further, Benedetto and Benedetto developed a wavelet theory for local fields and related groups
in [8, 9]. At this juncture, it is pertinent to mention that Khrennikov with his collaborators
in [23] introduced new ideas to construct various infinite-dimensional multiresolution analyses
(MRAs) and further for an application point of view, they developed the theory of pseudo-
differential operators and equations over the ring of adeles as well. A rigorous study of wavelets
on p-adic field Qp and its related property has been done by many authors including Albeverio,
Khrennikov and Skopina [1–4, 23–25].
During the development of super-wavelets for the local fields, we obtain a characteriza-
tion of Parseval frame multiwavelet sets of finite order in Section 3 that also characterizes
all multiwavelet sets. In the same section, we provide Shannon type multiwavelet along with
some other examples of Parseval frame (multi)wavelet sets which are associated with mul-
tiresolution analysis. Further, in Section 4, we obtain two characterizations in which one for
super-wavelets, and other for super-wavelets whose each components are minimally supported,
while providing examples of super-wavelets of length n. In the last section, the decomposable
frame wavelets and their properties are discussed. A rigorous study of super-wavelets and de-
composable frame wavelets for the Euclidean spaces has been done by many authors in the
references [10, 14, 15, 17, 19, 20, 30].
In the next section, we give a brief introduction about local fields. More details about the
same can be seen in a book by Taibleson [29].
2 Preliminaries on local fields
Throughout the paper, K denotes a local field. By a local field we mean a field which is locally
compact, non-discrete, and totally disconnected. The set
O = {x ∈ K : |x| ≤ 1}
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denotes the ring of integers which is a unique maximal compact open subring of K, where the
absolute value |x| of x ∈ K satisfies the properties (for more details, we refer [29]):
(i) |x| = 0 if and only if x = 0
(ii) |xy| = |x||y|, and
(iii) |x+ y| ≤ max {|x|, |y|}, for all x, y ∈ K. The equality holds in case of |x| 6= |y|.
Further, we consider a maximal and prime ideal
P = {x ∈ K : |x| < 1}
in O, then P = pO, for an element p (known as prime element) of P having maximum absolute
value in view of totally disconnectedness of K, and hence, P is compact and open. Therefore,
the residue space Q = O/P is isomorphic to a finite field GF (q), where q = pc for some prime
p and positive integer c.
For a measurable subset E of K, let
|E| =
∫
K
χE(x)dx,
where χE is the characteristic function of E and dx is the Haar measure forK
+ (locally compact
additive group of K), so |O| = 1. By decomposing O into q cosets of P, we have |P| = q−1
and |p| = q−1, and hence for x ∈ K\{0} =: K∗ (locally compact multiplicative group of K),
we have |x| = qk, for some k ∈ Z. Further, notice that O∗ := O\P is the group of units in K∗,
and for x 6= 0, we may write x = pkx′ with x′ ∈ O∗. In the sequel, we denote pkO by Pk, for
each k ∈ Z that is known as fractional ideal. Here, for x ∈ Pk, x can be expressed uniquely as
x =
∞∑
l=k
cl p
l, cl ∈ U, and ck 6= 0,
where U = {ci}
q−1
i=0 is a fixed full set of coset representatives of P in O.
Let χ be a fixed character on K+ that is trivial on O but is nontrivial on P−1, which can
be found by starting with nontrivial character and rescaling. For y ∈ K, we define
χy(x) = χ(yx), x ∈ K.
For f ∈ L1(K), the Fourier transform of f is the function fˆ defined by
fˆ(ξ) =
∫
K
f(x)χξ(x)dx =
∫
K
f(x)χ(−ξx)dx,
which can be extended for L2(K).
Notation N0 := N ∪ {0}. Let χu be any character on K+. Since O is a subgroup of K+, it
follows that the restriction χu|O is a character on O. Also, as a character on O, we have χu = χv
if and only if u− v ∈ O. Hence, we have the following result [29, Proposition 6.1]:
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Theorem 2.1. Let Z := {u(n)}n∈N0 be a complete list of (distinct) coset representation of O
in K+. Then, the set {
χu(n)|O ≡ χu(n)
}
n∈N0
is a list of (distinct) characters on O. Moreover, it is a complete orthonormal system on O.
Next, we proceed to impose a natural order on Z which is used to develop the theory of
Fourier series on L2(O). For this, we choose a set {1 = ǫ0, ǫi}
c−1
i=1 ⊂ O
∗ such that the vector
space Q generated by {1 = ǫ0, ǫi}
c−1
i=1 is isomorphic to the vector space GF (q) over finite field
GF (p) of order p as q = pc. For n ∈ N0 such that 0 ≤ n < q, we write
n =
c−1∑
k=0
akp
k,
where 0 ≤ ak < p. By noting that {u(n)}
q−1
n=0 as a complete set of coset representatives of O in
P−1 with |u(n)| = q, for 0 < n < q and u(0) = 0, we define
u(n) = (
c−1∑
k=0
akǫk)p
−1.
Now, for n ≥ 0, we write n =
∑s
k=0 bkq
k, where 0 ≤ bk < q, and define
u(n) =
s∑
k=0
u(bk)p
−k.
In general, it is not true that u(m+ n) = u(m) + u(n) for each non-negative m,n but
u(rqk + s) = u(r)p−k + u(s), if r ≥ 0, k ≥ 0, and 0 ≤ s < qk.
Now, we sum up above in the following theorem (see, [29, Proposition 6.6], [6]):
Theorem 2.2. For n ∈ N0, let u(n) be defined as above. Then, we have
(a) u(n) = 0 if and only if n = 0. If k ≥ 1, then we have |u(n)| = qk if and only if
qk−1 ≤ n < qk.
(b) {u(k) : k ∈ N0} = {−u(k) : k ∈ N0}.
(c) For a fixed l ∈ N0, we have {u(l) + u(k) : k ∈ N0} = {u(k) : k ∈ N0}.
Following result and definition will be used in the sequel [18]:
Theorem 2.3. For all l, k ∈ N0, χu(k)(u(l)) = 1.
Definition 2.4. A function f defined on K is said to be integral periodic if
f(x+ u(l)) = f(x), for all l ∈ N0, x ∈ K.
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3 Parseval frame multiwavelet sets for local fields
Let K be a local field of characteristic p > 0, p be a prime element of K and u(n) ∈ K for
n ∈ N0 be defined as above. Then a finite set Ψ = {ψm : m = 1, 2, ...,M} ⊂ L
2(K) is called a
Parseval frame multiwavelet of order M in L2(K) if the system
A(Ψ) :=
{
ψm,j,k := D
jT kψm : 1 ≤ m ≤M, j ∈ Z, k ∈ N0
}
forms a Parseval frame for L2(K), that means, for each f ∈ L2(K),
‖f‖2 =
M∑
m=1
∑
(j,k)∈Z×N0
∣∣< f,DjT kψm >∣∣2 ,
where the dilation and translation operators are defined as follows:
Djf(x) = qj/2f(p−jx), and T kf(x) = f(x− u(k)), x ∈ K.
If the system A(Ψ) is an orthonormal basis for L2(K), Ψ is called an orthonormal multiwavelet
(simply, multiwavelet) of order M in L2(K). In the case of Parseval frame system A({ψ}) for
L2(K), ψ is known as Parseval frame wavelet. Moreover, a Parseval frame multiwavelet Ψ is
known as semi-orthogonal if DjW⊥Dj
′
W , for j 6= j′, where W = span{Tkψ : k ∈ N0, ψ ∈ Ψ}.
Notice that for f ∈ L2(K) and ξ ∈ K, we have
̂(DjT kf)(ξ) = q−j/2χu(k)(−p
jξ)f̂(pjξ), for j ∈ Z, k ∈ N0.
The following is a necessary and sufficient condition for the system A(Ψ) to be a Parseval frame
for L2(K) [6]:
Theorem 3.1. Suppose Ψ = {ψm : m = 1, 2, ...,M} ⊂ L
2(K). Then the affine system A(Ψ)
is a Parseval frame for L2(K) if and only if for a.e. ξ, the following holds:
(i)
M∑
m=1
∑
j∈Z
∣∣∣ψ̂m(p−jξ)∣∣∣2 = 1, (3.1)
(ii)
M∑
m=1
∑
j∈N0
ψ̂m(p
−jξ)ψ̂m(p−j(ξ + u(s)) = 0, for s ∈ N0\qN0. (3.2)
In particular, Ψ is a multiwavelet in L2(K) if and only if ‖ψm‖ = 1, for 1 ≤ m ≤ M , and
the above conditions (3.1) and (3.2) hold.
In the sequel of development of wavelets associated with an MRA on local fields of positive
characteristics, Jiang, Li and Jin in [22] obtained a necessary and sufficient condition for the
system {ϕ(· − u(k)) : k ∈ N0} to constitute an orthonormal system which is as follows:∑
k∈N0
|ϕ̂(ξ + u(k))|2 = 1, a.e. ξ,
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for any ϕ ∈ L2(K).
Notice that for all ξ ∈ K, 0 ≤
∑
k∈N0
|ϕ̂(ξ + u(k))|2 ≤ 1 if ϕ̂ = χpO, since pO ⊂ O, and the
system {O + u(k) : k ∈ N0} is a measurable partition of K. The following is a generalization
of above characterization:
Theorem 3.2. Let ϕ ∈ L2(K). Then a necessary and sufficient condition for the system
{ϕ(· − u(k)) : k ∈ N0} to be a Parseval frame for span{ϕ(· − u(k)) : k ∈ N0} is as follows:
0 ≤
∑
k∈N0
|ϕ̂(ξ + u(k))|2 ≤ 1, a.e. ξ.
Proof. Notice that for every f ∈ span {ϕ(· − u(k)) : k ∈ N0} =: Vϕ, we have f̂(ξ) = r(ξ)ϕ̂(ξ),
for some integral periodic function r ∈ L2 (O, w), where w(ξ) =
∑
k∈N0
|ϕ̂ (ξ + u(k))|2 , and
hence ∑
k∈N0
∣∣< f, T kϕ >∣∣2 =∑
k∈N0
∣∣∣∣∫
K
f̂(ξ)ϕ̂(ξ)χu(k)(ξ)dξ
∣∣∣∣2
=
∑
k∈N0
∣∣∣∣∣∑
l∈N0
∫
O
f̂(ξ + u(l))ϕ̂(ξ + u(l))χu(k)(ξ + u(l))dξ
∣∣∣∣∣
2
=
∑
k∈N0
∣∣∣∣∣
∫
O
(∑
l∈N0
r(ξ + u(l))|ϕ̂(ξ + u(l))|2
)
χu(k)(ξ)dξ
∣∣∣∣∣
2
,
since the system {O + u(k) : k ∈ N0} is a measurable partition of K, and for all l, k ∈
N0, χu(k)(u(l)) = 1 in view of Theorem 2.3. Further, as the function r is integral periodic, we
write the above expression as follows:
∑
k∈N0
∣∣< f, T kϕ >∣∣2 =∑
k∈N0
∣∣∣∣∫
O
r(ξ)w(ξ)χu(k)(ξ)dξ
∣∣∣∣2 = ∫
O
|r(ξ)|2|w(ξ)|2dξ,
because of Theorem 2.1. Therefore, we have condition∫
O
|r(ξ)|2|w(ξ)|dξ =
∫
O
|r(ξ)|2|w(ξ)|2dξ,
since for every f ∈ Vϕ, we have ‖f‖
2 =
∫
O
|r(ξ)|2|w(ξ)|dξ. That means,∫
O
|r(ξ)|2w(ξ) (χΩ(ξ)− w(ξ))dξ = 0,
holds for all integral periodic functions r ∈ L2 (O, w) if and only if w(ξ) = χΩ(ξ), a.e. ξ, where
Ω = suppw ≡ {ξ ∈ K : w(ξ) 6= 0}.
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Now, it is enough to show that f ∈ Vϕ if and only if
f̂(ξ) = r(ξ)ϕ̂(ξ),
for some integral periodic function r ∈ L2 (O, w). This follows by noting that Vϕ = Aϕ,
L2 (O, w) = Pϕ and the operator U : Aϕ → Pϕ defined by U(f)(ξ) = r(ξ) is an isometry
which is onto, where
Aϕ = span
{
T kϕ : k ∈ N0
}
,
and Pϕ is the space of all integral periodic trigonometric polynomials r with the L
2 (O, w) norm
‖r‖2L2(O,w) =
∫
O
|r(ξ)|2w(ξ)dξ.
Here, f ∈ Aϕ if and only if for r ∈ Pϕ, f̂(ξ) = r(ξ)ϕ̂(ξ), where
r(ξ) =
∑
k∈N0
akχu(k)(ξ),
for a finite number of non-zero elements of {ak}k∈N0. Now, by splitting the integral into cosets
of O in K and using the fact of integral periodicity of r, we have
‖f‖22 =
∫
O
∑
k∈N0
∣∣∣f̂ (ξ + u(k))∣∣∣2 dξ = ∫
O
|r(ξ)|2
∑
k∈N0
|ϕ̂ (ξ + u(k))|2 dξ = ‖r‖2L2(O,w),
which shows that the operator U is an isometry.
Following result gives a characterization of bandlimited Parseval frame multiwavelets in
L2(K):
Theorem 3.3. Let Ψ = {ψm}
M
m=1 ⊂ L
2(K) be such that for each m ∈ {1, 2, · · · ,M}, |ψ̂m| =
χWm, and W =
⋃M
m=1Wm is a disjoint union of measurable subsets of K. Then Ψ is a semi-
orthogonal Parseval frame multiwavelet in L2(K) if and only if following hold:
(i) {pjW : j ∈ Z} is a measurable partition of K, and
(ii) for each m ∈ {1, 2, · · · ,M}, the set {Wm + u(k) : k ∈ N0} is a measurable partition of a
subset of K.
Such set W is known as Parseval frame multiwavelet set (of order M) in K.
Proof. Let Ψ = {ψm}
M
m=1 ⊂ L
2(K) be such that |ψ̂m| = χWm, where W =
⋃M
m=1Wm is a
measurable subset of K. Then, the condition (3.1) of Theorem 3.1 yields that
⋃
j∈Z p
jW = K,
a.e., that is equivalent to the part (i), which also gives that for j ≥ 0, |pjWm ∩Wm′ | = 0, for
each m,m′ ∈ {1, 2, · · · ,M}, and m 6= m′. Further in view of Theorem 3.2, the system
{ψm(· − u(k)) : k ∈ N0} , m ∈ {1, 2, · · · ,M}
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is a Parseval frame for span {ψm(· − u(k)) : k ∈ N0} in L2(K) if and only if∑
k∈N0
∣∣∣ψ̂m(ξ + u(k))∣∣∣2 = ∑
k∈N0
χWm(ξ + u(k)) ≤ 1, a.e. ξ,
that is equivalent to the part (ii). In this case
{f ∈ L2(K) : suppf̂ ⊂W} = span{ψ(· − u(k)) : ψ ∈ Ψ, k ∈ N0} =: W0.
By scaling W0 for any j ∈ Z, we have
DjW0 = span{D
jψ(· − u(k)) : ψ ∈ Ψ, k ∈ N0} = {f ∈ L
2(K) : suppf̂ ⊂ p−jW}.
Therefore, Ψ is a semi-orthogonal Parseval frame multiwavelet in L2(K) if and only if
⊕
j∈ZD
jW0 =
L2(K) and (ii) hold, which is true if and only if (i) and (ii) hold.
Corollary 3.4. Let Ψ = {ψm}
M
m=1 ⊂ L
2(K) be such that for each m ∈ {1, 2, · · · ,M},
|ψ̂m| = χWm , and W =
⋃M
m=1Wm is a disjoint union of measurable subsets of K. Then Ψ
is a multiwavelet in L2(K) if and only if the following hold:
(i) {pjW : j ∈ Z} is a measurable partition of K, and
(ii) for each m ∈ {1, 2, · · · ,M}, the system {Wm + u(k) : k ∈ N0} is a measurable partition
of K.
Such set W is known as multiwavelet set (of order M) in K.
The most elegant method to construct multiwavelets is based on multiresolution analysis
(MRA) which is a family of closed subspaces of a Hilbert space satisfying certain properties.
By an MRA, we mean that a sequence of closed subspaces {Vj}j∈Z of L
2(K) satisfying the
following properties: for all j ∈ Z,
(i) Vj ⊂ Vj+1, DVj = Vj+1,
⋃
j∈Z Vj = L
2(K),
⋂
j∈Z Vj = {0}, and
(ii) there is a ϕ ∈ V0 (known as, scaling function) such that {ϕ(· − u(k))}k∈N0 forms an
orthonormal basis for V0.
If we replace the term “orthonormal basis ”by “Parseval frame ”in the last axiom, then above
is known as Parseval frame MRA.
Now, we provide an example of multiwavelet set associated with an MRA with the help of
ring of integers:
Example 3.5 (Shannon type Multiwavelet). Let us consider the ring of integers O in K.
Then, O is an additive subgroup of P−1, and hence the system
{O + u(0),O + u(1), · · · ,O + u(q − 1)}
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is a measurable partition of P−1, where the set {u(n)}q−1n=0 is a complete set of distinct coset
representatives of O in P−1 with u(0) = 0, and |u(n)| = q, for 0 < n < q. Thus the system
{O + u(1), · · · ,O + u(q − 1)}
is a measurable partition of the set P−1\O = p−1O∗.
Now, we consider the set Wi defined by Wi = O + u(i), for 1 ≤ i ≤ q − 1. Then, we have
the following properties of Wi:
(i) For each 1 ≤ i ≤ q − 1, |Wi| = |O| = 1.
(ii) For each 1 ≤ i ≤ q − 1 and ξ ∈ Wi, we have ξ = x + u(i), for some x ∈ O, and hence,
|ξ| = |x+ u(i)| = max{|x|, |u(i)|} = q, as |x| ≤ 1 and |u(i)| = q.
(iii) For each i, j ∈ {1, 2, · · · , q − 1} and i 6= j, we have |Wi ∩Wj | = 0.
(iv) For each 1 ≤ i ≤ q − 1, the system {Wi + u(k) : k ∈ N0} is a measurable partition of K
since the system {O+u(k) : k ∈ N0} is a measurable partition of K, and for all l, m ∈ N0,
u(l) + u(m) = u(n), for some n ∈ N0 in view of Theorem 2.2(c).
(v) The system {p−jWi : j ∈ Z, 1 ≤ i ≤ q − 1} is a measurable partition of K since
q−1⋃
i=1
Wi =
p−1O∗,
⋃
j∈Z
p−jO = K, O ⊂ P−1, and P−1\O = p−1O∗.
Therefore, W =
⋃q−1
i=1 Wi is a multiwavelet set of order (q − 1) in view of Corollary 3.4.
Next, we consider a space V0 defined by
V0 = span{ϕ(· − u(k)) : k ∈ N0, |ϕ̂| = χS},
where the associated scaling set S = O. Then, the sequence {DjV0}j∈Z is an MRA by noting
the properties of its associated scaling set (see, [27]). Here note that the scaling set S has the
following properties: S =
⋃
j∈N p
jW , the system {S + u(k) : k ∈ N0} is a measurable partition
of K, the multiwavelet set W = p−1S\S, and
|S| =
∑
j∈N
|pjW | =
∑
j∈N
|W |
qj
=
|W |
q − 1
=
q − 1
q − 1
= 1, as q > 2.
Next, we provide examples of Parseval frame wavelet and multiwavelet set for L2(K) and
show that they are associated with Parseval frame MRA.
Example 3.6. Let m ∈ N. Then, the set pmO∗ = Pm\Pm+1 has the following properties:
(i) The system {pj(pmO∗) : j ∈ Z} is a measurable partition of K since⋃
j∈Z
p−jO = K, and O ⊂ P−1.
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(ii) The system
{pmO∗ + u(k) : k ∈ N0}
is a measurable partition of a measurable subset of K since
{O + u(k) : k ∈ N0}
is a measurable partition of K and pmO∗ ⊂ Pm ⊂ O.
Therefore, for each m ∈ N, the set pmO∗ is a Parseval frame wavelet in L2(K) in view of
Theorem 3.3. Next, consider a space V0 defined by
V0 = span{ϕ(· − u(k)) : k ∈ N0, |ϕ̂| = χPm+1}.
Then, the sequence {DjV0}j∈Z is a Parseval frame MRA by noting the properties of its associ-
ated scaling set (see, [27]). Here, the associated scaling set is Pm+1 =
⋃
j∈N p
j(pmO∗), and its
associated Parseval frame wavelet set is pmO∗ = Pm\Pm+1. Further, note that the measure of
scaling set is |Pm+1| = 1
qm+1
, and the system
{Pm+1 + u(k) : k ∈ N0}
is a measurable partition of a subset of K since Pm+1 ⊂ O, and the system {O+u(k) : k ∈ N0}
is a measurable partition of K.
Example 3.7. Let m ∈ N and consider the Example 3.5. Then, the set pmW =
⋃q−1
i=1 p
mWi is
a Parseval frame multiwavelet of order q − 1 in L2(K), where for each 1 ≤ i ≤ q − 1, the set
pmWi = P
m + pmu(i).
This follows by noting that
(i) the system {pmWi : 1 ≤ i ≤ q − 1} is a measurable partition of p
m−1O∗ since the system
{Wi : 1 ≤ i ≤ q − 1}
is a measurable partition of the set p−1O∗, and
|pmWi ∩ p
mWj | = q
−m|Wi ∩Wj |, for i, j ∈ {1, 2, · · · , q − 1},
(ii) the system {pj(pmW ) : j ∈ Z} is a measurable partition of K since the system {pjW :
j ∈ Z} is a measurable partition of K,
(iii) for each 1 ≤ i ≤ q − 1, the system
{pmWi + u(k) : k ∈ N0}
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is a measurable partition of a measurable subset of K since |pmWi| =
1
qm
< 1, and for
k, k′ ∈ N0, (k 6= k′), we have
|(pmWi + u(k)) ∩ (p
mWi + u(k
′))| =qm|(Wi + p
−mu(k)) ∩ (Wi + p
−mu(k′))|
=qm|(Wi + u(q
mk)) ∩ (Wi + u(q
mk′))|
=0,
as the system {Wi + u(k) : k ∈ N0} is a measurable partition of K.
Next, consider a space V0 defined by
V0 = span{ϕ(· − u(k)) : k ∈ N0, |ϕ̂| = χS},
where the associated scaling set is S =
⋃
j∈N p
j(pmW ). Then, the sequence {DjV0}j∈Z is a
Parseval frame MRA by noting the properties of its associated scaling set (see, [27]). Here note
that the scaling set S has the following properties: p−1S\S = pmW , |S| = 1
qm
and {S+u(k)}k∈N0
is a measurable partition of a subset of K since S ⊂
⋃
j∈N p
jW = O.
4 Super-wavelet of length n for local fields
Balan in [5], and Han and Larson in [20] introduced the notion of super-wavelets that have
applications in many areas including signal processing, data compression and image analysis.
The following definition of super-wavelets for local fields is an analogue of Euclidean case:
Definition 4.1. Suppose that Θ = (η1, η2, ..., ηn), where for each i ∈ {1, 2, · · · , n}, ηi is a
Parseval frame wavelet for L2(K). We call the n-tuple Θ a super-wavelet of length n if
B(Θ) :=
{
n⊕
i=1
DjT kηi ≡ D
jT kη1 ⊕ ...⊕D
jT kηn : j ∈ Z, k ∈ N0
}
is an orthonormal basis for L2(K) ⊕ ... ⊕ L2(K) (say,
⊕
n
L2(K)). Each ηi here is called a
component of the super-wavelet. In the case when B(Θ) is a Parseval frame for
⊕
n
L2(K), the
n-tuple Θ is called a Parseval frame super-wavelet.
The result given below is a characterization of a super-wavelet of length n in case of local
fields of positive characteristic.
Theorem 4.2. Let η1, ..., ηn ∈ L
2(K). Then (η1, ..., ηn) is a super-wavelet of length n if and
only if the following equations hold:
(i)
∑
j∈Z |η̂i(p
jξ)|2 = 1, for a.e. ξ ∈ K, i = 1, ..., n,
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(ii)
∑∞
j=0 η̂i(p
−jξ)η̂i(p−j(ξ + u(s)) = 0, for a.e. ξ ∈ K, s ∈ N0\qN0, i = 1, ..., n, and
(iii)
∑
k∈N0
∑n
i=1 η̂i(p
−j(ξ + u(k)))η̂i(ξ + u(k)) = δj,0, for a.e. ξ ∈ K, j ∈ N0.
Proof. Suppose (η1, ..., ηn) is a super-wavelet of length n. Then, the system B(Θ) is an or-
thonormal basis for
⊕
n
L2(K). Therefore for each 1 ≤ i ≤ n, the function ηi is a Parseval
frame wavelet for L2(K), and hence the conditions (i) and (ii) follow from equations (3.1) and
(3.2). Now, condition (iii) follows from following descriptions:
Using the properties of {u(k) : k ∈ N0}, the expression
<
n⊕
i=1
DjT lηi,
n⊕
i=1
Dj
′
T l
′
ηi >= δl,l′δj,j′, for l, l
′ ∈ N0; j, j
′ ∈ Z,
is equivalent to
<
n⊕
i=1
DjT lηi,
n⊕
i=1
ηi >= δl,0δj,0, for l ∈ N0; j ≥ 0.
Now, let j ≥ 0 and k ∈ N0. Since for each m, k ∈ N0, χu(k)(u(m)) = 1, and the system
{O + u(k) : k ∈ N0} is a measurable partition of K, we have
<
n⊕
i=1
DjT kηi,
n⊕
i=1
ηi >=
n∑
i=1
< DjT kηi, ηi >=
n∑
i=1
< D̂jT kηi, η̂i >,
and hence, we obtain
<
n⊕
i=1
DjT kηi,
n⊕
i=1
ηi >=
n∑
i=1
∫
K
D̂jT kηi(ξ)η̂i(ξ)dξ
=q−j/2
n∑
i=1
∫
K
χu(k)(−p
jξ)η̂i(p
jξ)η̂i(ξ)dξ
=qj/2
n∑
i=1
∫
⋃
m∈N0
O+u(m)
χu(k)(−ξ)η̂i(ξ)η̂i(p−jξ)dξ
=qj/2
∫
O
(
n∑
i=1
∑
m∈N0
η̂i(ξ + u(m))η̂i(p−j(ξ + u(m))
)
χu(k)(ξ)dξ
=qj/2
∫
O
(
n∑
i=1
∑
m∈N0
η̂i(p−j(ξ + u(m))η̂i(ξ + u(m))
)
χu(k)(ξ)dξ.
Therefore, the result follows by comparing the above expression together with the Fourier
coefficient and Fourier series of a function in L1(O), and noting that the system {χu(k)}k∈N0 is
an orthonormal basis for L2(O).
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Conversely, suppose that conditions (i)-(iii) hold. Then by noting above discussion, to com-
plete the proof it remains only to show that the system B(Θ) is dense in
⊕
n
L2(K). The result
follows by writing the following for every m ∈ {1, 2, · · · , n},
n⊕
i=1
(δi,m × gm) =
∑
(j′,k′)∈Z×N0
<
n⊕
i=1
(δi,m × gm) , D
j′T k
′
ηm > D
j′T k
′
ηm
where gm = D
jT kηm. This fact is true in view of the following: for l = 1, 2, · · · , n, j ∈ Z and
k ∈ N0, we can write
n⊕
i=1
DjT kηi =
∑
(j′,k′)∈Z×N0
<
n⊕
i=1
DjT kηi,
n⊕
i′=1
Dj
′
T k
′
ηi′ >
n⊕
i′=1
Dj
′
T k
′
ηi′
=
∑
(j′,k′)∈Z×N0
n∑
i=1
< DjT kηi, D
j′T k
′
ηi >
n⊕
i′=1
Dj
′
T k
′
ηi′,
and DjT kηl =
∑
(j′,k′)∈Z×N0
< DjT kηl, D
j′T k
′
ηl > D
j′T k
′
ηl, and hence we have
∑
(j′,k′)∈Z×N0
< DjT kηl, D
j′T k
′
ηl > D
j′T k
′
ηl′ = 0
for l 6= l′ and l, l′ ∈ {1, 2, · · · , n}.
The following is an easy consequence of above theorem:
Theorem 4.3. Let η1, ..., ηn ∈ L
2(K) be such that |ηi| = χWi , for i ∈ {1, 2, · · · , n}. Then
(η1, ..., ηn) is a super-wavelet of length n if and only if the following equations hold:
(a) for each i ∈ {1, 2, · · · , n}, the system {pjWi : j ∈ Z} is a measurable partition of K,
(b) for each i ∈ {1, 2, · · · , n}, the system {Wi + u(k) : k ∈ N0} is a measurable partition of a
subset of K,
(c) the system {Wi + u(k) : k ∈ N0, 1 ≤ i ≤ n} is a measurable partition of K.
Proof. Suppose (η1, ..., ηn) is a super-wavelet of length n such that |ηi| = χWi , for i ∈ {1, 2, · · · , n}.
Then, for each i ∈ {1, 2, · · · , n}, the function ηi is a Parseval frame wavelet in L
2(K) and the
system B(Θ) is an orthonormal basis for
⊕
n
L2(K). Hence the conditions (a) and (b) hold in
view of Parseval frame wavelet ηi and Theorem 3.3, and also, the condition (iii) of Theorem
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4.2 is satisfied, that means, for j ∈ N0
δj,0 =
∑
k∈N0
n∑
i=1
η̂i(p
−j(ξ + u(k)))η̂i(ξ + u(k))
=
∑
k∈N0
n∑
i=1
χWi(p
−j(ξ + u(k)))χWi(ξ + u(k))
=
∑
k∈N0
n∑
i=1
χ(pjWi+u(k))∩(Wi+u(k))(ξ),
which is true for j 6= 0 since
|
(
pjWi + u(k)
)
∩ (Wi + u(k)) | = 0,
in view of conditions (a) and (b). Now, let j = 0. Then, the expression
∑
k∈N0
n∑
i=1
χ(Wi+u(k))(ξ) = 1
implies that
| (Wl + u(k)) ∩ (Wl′ + u(k
′)) | = 0
for k, k′ ∈ N0; l, l
′ ∈ {1, 2, · · · , n} and (l, k) 6= (l′, k′). Also, we have
1 = |O| =
∫
O
dξ =
∫
O
∑
k∈N0
n∑
i=1
χ(Wi+u(k))(ξ)dξ
=
∫
K
χ∪ni=1Wi(ξ)dξ = | ∪
n
i=1 Wi|,
which proves condition (c).
Conversely, let us assume that for each i ∈ {1, 2, · · · , n}, the function ηi satisfies the condi-
tions (a), (b) and (c), where |ηi| = χWi . Then, (η1, ..., ηn) is a super-wavelet of length n. This
follows by noting Theorem 3.3, Theorem 4.2 and above calculations.
A further research in the context of super-wavelets associated with Parseval frame MRA
on local fields is needed. Analogous to the Euclidean case, one can define the notion of super-
wavelets associated with Parseval frame MRA on local fields as follows:
Definition 4.4. A super-wavelet (η1, ..., ηn) is said to be an MRA super-wavelet if for each
i = 1, 2, · · · , n, ηi is a Parseval frame wavelet associated with Parseval frame MRA.
The above definition is motivated by the Euclidean case in which the following result plays
an important role that can be derived analogous to [20, Proposition 5.16]:
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Theorem 4.5. Suppose that V0 ⊂ (D ⊕D)V0 and the system
{T kf ⊕ T kg : k ∈ N0}
is an orthonormal basis for V0, where f, g ∈ L
2(K). Then,
⋃
j∈Z(D
j ⊕ Dj)V0 is not dense in
L2(K)⊕ L2(K).
Next, we provide examples of super-wavelet of length n, and Parseval frame super-wavelet
of length n for the local field having positive characteristics:
Example 4.6. Consider the functions ηi, for i ∈ {1, 2, · · · , n − 1} whose Fourier transforms
are defined by
|η̂i| = χpi−1O∗ = χpi−1(O\pO),
where n ≥ 2. Then, the collection {η1, η2, · · · , ηn−1} has the following properties:
(i) for each i ∈ {1, 2, · · · , n− 1}, the system
{pj(pi−1O∗) : j ∈ Z}
is a measurable partition of K as {pjO∗ : j ∈ Z} is a measurable partition of K,
(ii) for each i ∈ {1, 2, · · · , n− 1}, the system
{pi−1O∗ + u(k) : k ∈ N0}
is a measurable partition of a subset of K as {O+u(k) : k ∈ N0} is a measurable partition
of K, and pjO∗ ⊂ O, where j ∈ N0,
(iii) for i, j ∈ {1, 2, · · · , n− 1} and k, l ∈ N0, we have
|(pi−1O∗ + u(k)) ∩ (pj−1O∗ + u(l))| = 0, for (i, l) 6= (j, k),
since pi−1O∗, pj−1O∗ ⊂ O, the system {O + u(k) : k ∈ N0} is a measurable partition of
K, and
|pi−1O∗ ∩ pj−1O∗| = 0, for i 6= j,
as |x| = 1
qi−1
and |y| = 1
qj−1
, for x ∈ pi−1O∗, and y ∈ pj−1O∗.
Next, let us assume the set S ⊂ K be such that {pjS : j ∈ Z} is a measurable partition of K,
and there is a bijective map from S to pn−2O defined by
ξ 7−→ ξ + u(l),
for every ξ ∈ S and for some l ∈ N0. Here, the existence of such set follows by noting Theorem
1 of Dai, Larson, and Speegle [13]. Then, Θ = (η1, η2, · · · , ηn) is a super-wavelet of length n,
where
|η̂n| = χS.
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This follows by noting Theorem 4.3 and observing that for each i ∈ {1, 2, · · · , n}, the function
ηi is a Parseval frame wavelet in L
2(K), and the set
{pi−1O∗ + u(k),S+ u(l) : 1 ≤ i ≤ n− 1; k, l ∈ N0}
is a measurable partition of K.
Further analogous to Euclidean case [15, 30], if we assume conditions (a) & (b) of Theorem
4.3 and replace the condition (c) of Theorem 4.3 by “the system
{Wi + u(k) : k ∈ N0, 1 ≤ i ≤ n}
is a measurable partition of a measurable set of K”, then we call (η1, ..., ηn) as a Parseval frame
super-wavelets. Following is an example of Parseval frame super-wavelet of length n.
Example 4.7. Consider the functions ηi, for i ∈ {1, 2, · · · , n} whose Fourier transforms are
defined by |η̂i| = χpiO∗ . Then, Θ = (η1, η2, · · · , ηn) is a Parseval frame super-wavelet of length
n. In addition, this is associated with Parseval frame MRA. For more details, see the above
Example 4.6, and notice that the system
{piO∗ + u(k) : k ∈ N0, i ∈ {1, 2, · · · , n}}
is a measurable partition of a subset of K.
5 Decomposable Parseval frame wavelets for local fields
In this section we study the extendable and decomposable Parseval frame wavelets and their
properties with respect to the local field K of positive characteristics while the same was studied
by many authors for the case of Euclidean space [14,19,20]. A Parseval frame wavelet η is said
to be an n-decomposable (n > 1) if η is equivalent to a Parseval frame super-wavelet of length
n. By an equivalent Parseval frame super-wavelets (η1, ..., ηm) and (µ1, ..., µn), we mean that
there is a unitary operator
U :
m⊕
i=1
L2(K)→
n⊕
i=1
L2(K)
such that
U(DkT lη1 ⊕ ...⊕D
kT lηm) = (D
kT lµ1 ⊕ ...⊕D
kT lµn),
for all l ∈ N0, k ∈ Z. The following result provides a characterization of the equivalence between
two Parseval frame super-wavelets:
Proposition 5.1. Suppose that (ψ1, ..., ψM) and (ϕ1, ..., ϕN) are Parseval frame super-wavelets.
Then they are equivalent if and only if for a.e. ξ and n ∈ N0,
M∑
j=1
∑
k∈N0
ψ̂j(p
−n(ξ + u(k)))ψ̂j(ξ + u(k)) =
N∑
j=1
∑
k∈N0
ϕ̂j(p
−n(ξ + u(k)))ϕ̂j(ξ + u(k)).
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Proof. The result follows by noting that (ψ1, ..., ψM) and (ϕ1, ..., ϕN) are Parseval frame super-
wavelets if and only if
M∑
j=1
< D−nTmψj , T
lψj >=
N∑
j=1
< D−nTmϕj , T
lϕj >,
for each m,n, l ∈ N0. Further, notice that for each m,n, l ∈ N0, we have
M∑
j=1
< D−nTmψj , T
lψj >=
M∑
j=1
< ̂D−nTmψj , T̂ lψj >
=
M∑
j=1
qn/2
∫
K
χu(l)(p
−nξ)ψ̂j(p
−nξ) · χu(l)(ξ)ψ̂j(ξ)dξ
since T̂ lψ(ξ) = χu(l)(ξ)ψ̂(ξ), and D̂−nψ(ξ) = q
n/2ψ̂(p−nξ). As the collection {O+u(k) : k ∈ N0}
is a measurable partition of K, and for each r, s ∈ N0,
u(rqs) = p−su(r), and χu(r)(u(s)) = 1,
therefore we can write above expression as follows:
M∑
j=1
< D−nTmψj ,T
lψj >
=qn/2
∫
O
χu(l)(ξ)
(
χu(l)(p
−nξ)
M∑
j=1
∑
k∈N0
ψ̂j(p
−n(ξ + u(k)))ψ̂j(ξ + u(k))
)
dξ.
Similarly, we can write the above expression for ϕi, and the result follows by noting that the
collection {χu(k)(ξ) : ξ ∈ O, k ∈ N0} is an orthonormal basis for L2(O).
The following result gives a necessary condition for decomposable Parseval frame wavelets:
Proposition 5.2. If ψ is a m-decomposable Parseval frame wavelet, then
∫
O
∑
k∈N0
∣∣∣ψ̂(ξ + u(k))∣∣∣2
|ξ|
dξ ≥ m
q − 1
q
.
Proof. Suppose ψ is decomposable into Parseval frame wavelets f1, · · · , fm, and
I =
∫
O
∑
k∈N0
∣∣∣ψ̂(ξ + u(k))∣∣∣2
|ξ|
dξ.
Then we have ∑
k∈N0
∣∣∣ψ̂(ξ + u(k))∣∣∣2 = m∑
i=1
∑
k∈N0
∣∣∣f̂i(ξ + u(k))∣∣∣2 ,
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and hence by applying integrals on both sides, we have
I =
m∑
i=1
∑
k∈N0
∫
O
∣∣∣f̂i(ξ + u(k))∣∣∣2
|ξ|
dξ =
m∑
i=1
∑
k∈N0
∫
O+u(k)
∣∣∣f̂i(ξ)∣∣∣2
|ξ − u(k)|
dξ.
Notice that for each k ∈ N0, we have
|ξ − u(k)| ≤ |ξ|,
where ξ ∈ O + u(k), which follows by observing Theorem 2.2 along with the fact
|ξ| = |η + u(k)| = max{|η|, |u(k)|} = |u(k)|,
since |η| < |u(k)|, for η ∈ O and k ≥ 1. Therefore, we have
I ≥
m∑
i=1
∑
k∈N0
∫
O+u(k)
∣∣∣f̂i(ξ)∣∣∣2
|ξ|
dξ =
m∑
i=1
∫
K
∣∣∣f̂i(ξ)∣∣∣2
|ξ|
dξ
since {O + u(k) : k ∈ N0} is a measurable partition of L2(K). Further, notice that{
pj(O\pO) : j ∈ Z
}
is a measurable partition of K since
⋃
j∈Z p
jO = K, a.e. and pO ⊂ O. Therefore, we have
I ≥
m∑
i=1
∫
K
∣∣∣f̂i(ξ)∣∣∣2
|ξ|
dξ =
m∑
i=1
∑
j∈Z
∫
pj(O\pO)
∣∣∣f̂i(ξ)∣∣∣2
|ξ|
dξ
=
m∑
i=1
∫
O\pO
∑
j∈Z
∣∣∣f̂i(pjξ)∣∣∣2
|ξ|
dξ =
m∑
i=1
∫
O\pO
1
|ξ|
dξ
since for each i ∈ {1, 2, · · · , m}, we have∑
j∈Z
∣∣∣f̂i(pjξ)∣∣∣2 = 1, a.e. ξ
because fi is a Parseval frame wavelet. Thus, the result follows by noting that∫
O\pO
1
|ξ|
dξ = |O\pO| =
q − 1
q
as the Haar measure on K∗ is given by dξ/|ξ| and O\pO is a group of units in K∗.
Example 5.3. Let O∗ = O\pO and |ψ̂| = χO∗ . Then, ψ is a Parseval frame wavelet in view of
Theorem 3.3. Moreover, when ξ ∈ O,
∑
k∈N0
∣∣∣ψ̂(ξ + u(k))∣∣∣2 = χO∗(ξ), hence
∫
O
∑
k∈N0
∣∣∣ψ̂(ξ + u(k))∣∣∣2
|ξ|
dξ =
∫
O∗
1
|ξ|
dξ = |O∗| =
q − 1
q
< m
q − 1
q
,
for any m ≥ 2. Therefore, ψ is not decomposable in view of above Proposition 5.2.
Super-wavelets on local fields 19
In view of definition of super-wavelet (or a Parseval frame super-wavelet) (η1, ..., ηn), ηi is
necessarily a Parseval frame wavelet for L2(K), for each i ∈ {1, .., n}. A Parseval frame wavelet
η1 is extendable to a super-wavelet of length n (or n-extendable) if there exist Parseval frame
wavelets η2, ..., ηn such that (η1, ..., ηn) is a super-wavelet of length n. The following result gives
necessary condition for extendable super-wavelets:
Proposition 5.4. If ψ is a Parseval frame wavelet and ψ is extendable to a super-wavelet of
length m+ 1, where m ∈ N, then
J ≡
∫
O
1−
∑
k∈N0
∣∣∣ψ̂(ξ + u(k))∣∣∣2
|ξ|
dξ ≥ m
q − 1
q
.
Proof. Suppose a Parseval frame wavelet ψ is extendable to a super-wavelet of length m + 1,
where m ∈ N. Then, there are Parseval frame wavelets f1, · · · , fm such that for almost every
ξ ∈ K, we have ∑
k∈N0
∣∣∣ψ̂(ξ + u(k))∣∣∣2 + m∑
i=1
∑
k∈N0
∣∣∣f̂i(ξ + u(k))∣∣∣2 = 1,
and hence we obtain
J =
∫
O
∑m
i=1
∑
k∈N0
∣∣∣f̂i(ξ + u(k))∣∣∣2
|ξ|
dξ =
m∑
i=1
∑
k∈N0
∫
O
∣∣∣f̂i(ξ + u(k))∣∣∣2
|ξ|
dξ
≥
m∑
i=1
∫
K
∣∣∣f̂i(ξ)∣∣∣2
|ξ|
dξ =
m∑
i=1
∫
O\pO
1
|ξ|
dξ
=m
q − 1
q
.
This computation follows same as the proof of Proposition 5.2.
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